Enthalpy (fuel mass fraction and/or temperature) fluctuations in the oncoming mixture are known to have important impacts on premixed combustion and in particular on combustion instability. Theoretical modeling has primarily been following an empirical approach. In Part I of the present study, an asymptotically reduced first-principle theory was derived from the reactive Navier-Stokes equations by using large-activation-energy analysis (AEA). In Part II, the general formulation is applied to special cases in order to elucidate several key fundamental physical processes involved in the overall interaction between the flame, the hydrodynamics and the combustion-generated acoustic field. These include (a) linear response of flame to weak 3-D enthalpy disturbances, (b) sound generation by (1-D) enthalpy fluctuations, (c) parametric instability induced by enthalpy fluctuations, and (d) non-linear development of a flame under the combined influence of an enthalpy perturbation and its spontaneously emitted waves. None of these effects can be accounted for by the empirical modeling approach.
The steady-state solution for (U, V, P ) and F can be written as U, V, P, F = Ū ,V,P ,F e i(k2η+k3ζ−ωt) .
(2.1)
After substituting this into the linearized Eq.(3.8) of part I, it is easy to find that (2.2) where the constants C ± & D ± correspond to vortical fluctuations. It is assumed that vortical fluctuations are absent in the upstream so that C − = D − = 0. However, C + and D + are non-zero, that is, enthalpy fluctuations, by interacting with the flame, generate vorticity. It follows from the continuity equation that S + C + + k † · D + = 0. Substitution of Eq.(2.2) into the jump conditions and flame-front equation leads to a set of algebraic equations for P ± , F , C + and D + , which are solved to obtain
3)
∆(k, ω) + 1 2 (1 + δQ h ) h −∞ ; (2.4) the expressions for Q F , Q u , Q h , and ∆(k, ω) are given in Wu & Moin (2008) . To leading order, one may write Q F = Q u = Q h = 0, and
If the fluctuation is assumed to be homogeneous with a given spectrum Φ(k, ω), then the spectrum of the "flame brush" can be expressed as
The transfer functions |F (k, ω)|/h −∞ and |U − (k, ω)|/h −∞ , which measure the sensitivity of flame-front displacement and fluid motion to enthalpy perturbations, are calculated by using Eqs. They give rise to δ = 2.2 × 10 −3 , Mach number M = 2.94 × 10 −4 and Markstein number M a ≡ (q + 1) q ln(1 + q) + 1 2 lD = 4. The same set of parameters will be used in the rest of this paper unless otherwise stated. The contour plots displayed in Fig. 1 indicate that the typical values of |F |/h −∞ and |U − |/h −∞ are approximately 0.03 and 1.5, respectively. The result suggests that in the presence of 8% mass-fraction fluctuation (which corresponds to h −∞ = 1), the wrinkled flame has a 3 mm flame-brush thickness, and the induced hydrodynamic velocity becomes comparable with the laminar flame speed.
Acoustic radiation of enthalpy fluctuations
As enthalpy fluctuations induce a hydrodynamic field causing a planar flame to wrinkle, sound waves are emitted due to the change of the flame-surface area. The resulting acoustic field is inherently coupled with the hydrodynamics, the flame motion and enthalpy advection in a strongly non-linear fashion for 2-or 3-D enthalpy fluctuations with O(1) values of H I or h ∞ . A weak enthalpy fluctuation with a frequency half that of an acoustic mode can excite the latter in resonant fashion analogous to vortical disturbances considered in Wu & Law (2008) . This scenario will not be considered here since the analysis follows that of Wu & Law (2008) . The focus will instead be on the case where the upstream enthalpy fluctuation is 1-D, independent of η and ζ, as was assumed in earlier studies (Cho & Lieuwen 2005; Birbaud et al. 2008 ). Further analytical progress is then possible even when H I = O(1), for which the front equation admits a simple solution, representing a vibratory planar flame. For simplicity, we assume that the enthalpy is modulated periodically in time at a location 1 ≪ (−ξ) ≪ M −1 , and so we may take
The jump across the hydrodynamic zone, Eq.(3.3) in Part I, can be written as a Fourier series,
h(e i ωt +c.c.)} − 1 = j n e i nωt with j n = qĥ n /n!.
Non-resonant case
Assume that none of the harmonics in the enthalpy fluctuation has a frequency coinciding with any eigen frequency of the duct modes. Then the solution for the acoustic field can be expressed as Fourier series
where constants a r ± and a ± l are determined by imposing the jump conditions across the hydrodynamic region and the boundary condition
where L is related to the dimensional length of the duct l * via L = M l * /h * , and σ is a parameter characterizing the mean position of the flame front. We find that 6) and the acoustic pressure level at the entrance
where
The characteristic acoustic frequencies of the duct are given by the roots of the acoustic dispersion relation,
A countable number of roots ω k (k = 1, 2, . . .) may exist.
Figure2 shows the variation of the acoustic wave intensity with the frequency of the enthalpy fluctuation for two (fixed) mean flame positions. A spiky appearance is observed, with the discrete "peaks" corresponding to resonant frequencies, which satisfy the relation 10) where n = 0 is an arbitrary integer, ω k is the frequency of the k-th duct mode, i.e., ∆ s (ω k ; σ) = 0. Since the effective forcing j n at the n-th harmonic frequency nω behaves as j n =ĥ n /n!, "peaks" corresponding to larger values of n are weaker, and for smallĥ they almost disappear so that the dotted curves (forĥ = 0.2) become less spiky.
3.2. Discussion of resonance For a flame whose position is fixed, the stationary solution (3.7) becomes invalid when the resonance condition (3.10) holds. Instead the sound wave would amplify in proportion to time t. If acoustic loss is sufficiently small, the sound wave amplifies to such an extent that it acts back on the flame to cause parametric instability of the flame. The instability will, in turn, produce extra sound waves.
If a flame is moving, then for a fixed ω, resonance is of a transient nature in that it takes place only in a vicinity of the position corresponding to σ c for which ω = ω n (σ c ). For definitiveness, suppose that at time t = 0, a flame is positioned at the entrance. Then at an arbitrary time t, its mean position can be written as
is sufficiently different from t c (or σ c ), the acoustic response is of quasi-steady and non-resonant nature and its solution is given by Eq.(3.6), in which σ plays the role of a parameter. However, as the flame approaches the resonant location, i.e., as σ → σ c , The quasi-steady response is no longer valid when
) because the rate of the change of the response becomes comparable with that of the mean flame position. To describe the evolution of the sound in the resonant region, we introduce
(3.12)
Relations (3.11)-(3.12) imply that in the resonant region, the pressure and velocity of the acoustic fluctuation is of order M
2 ), and so that the solution expands as
where p a,1 and u a,1 has the solution
representing an acoustic eigen mode of the duct, with the eigenfunction being normalized by setting a
σωL . The amplitude function B follows from a solvability condition for p a,2 and u a,2 at the next order, which yields the evolution equation (3.15) where the expressions for χ s and N are given in Wu & Moin (2008) . The relevant solution to Eq.(3.15) is therefore
It follows that as τ → ∞, Figure 3 shows that the sound intensity may amplify considerably via the transient resonance during the time window in which the flame propagates through the resonant location. The gain in the intensity depends on (1 − U − ), the propagation speed relative to the duct, and decreases with the feeding velocity U − of the oncoming mixture. Interestingly, the acoustic amplitude in the post-resonance phase is oscillatory.
Parametric instability of the flame: linear analysis
Enthalpy fluctuations and the sound that they generate exert a periodic forcing on the flame. This leads to a parametric instability of the planar flame, Eq.(3.1), as was shown in an earlier preliminary study (Wu 2005) . In this section, we present an analysis based on the leading-order approximation of the hydrodynamic equations and the jump conditions. The planar flame, Eq.(3.1), is perturbed so that
(4.1)
ForF 0 ≪ 1, the hydrodynamic motion is weak so that its governed equations can be linearized to yield
The flame-front equation is also linearized to give
Since the coefficients of Eqs.(4.2) are independent of the transverse variables, one may seek solutions of the normal form,
It is easy to find that
where C + and D + are arbitrary functions. It follows from the continuity equation that
while the jump conditions give rise to the relations
After eliminating φ ± , C + and D + , we obtain
which is a parametrically excited (Floquet) system. This equation is generalized to O(δ) accuracy by a refined, but more involved, analysis (Wu & Moin 2008) . As expected on physical ground, the acoustic waves ∆p a,ξ emitted by enthalpy perturbations act on the flame. However, enthalpy disturbances also modulate the flame stability directly, an effect that cannot be accounted for by a simple physical argument. In the absence of enthalpy fluctuation (h −∞ = 0), Eq.(4.10) reduces to the familiar one governing the D-L instability. In the non-resonant case of interest it is necessary that h ∞ = O(1), and
(4.11) According to Floquet theory, Eq.(4.10), or its generalization, admits a solution of the form
where α(t) is a periodic (and hence bounded) function of t with period 2π/ω, and µ is the Floquet exponent with its real part µ r indicating stability (instability) according to µ r < 0 (µ > 0). Solutions are found numerically by integrating Eq.(4.10) (with ∆p a given by Eq.(4.11)) numerically using a fourth order Rounge-Kutta method from t = 0 to t = 2π/ω to obtain the principal fundamental matrix, from which µ can be calculated. We first consider the case with U L = 10cms −1 , and the gravity force is dropped by setting G = 0. The enthalpy fluctuation is assigned a moderate amplitudeĥ = 0.6, which corresponds to about 5% mass fraction fluctuation, a level typical of controlled and uncontrolled experimental situations. The growth rates for different frequencies are shown in Fig. 4a . An enthalpy fluctuation of moderate amplitude modifies the usual D-L instability (the dotted line): for most forcing frequencies the growth rate of the most unstable mode is enhanced while the bandwidth of unstable modes becomes narrower. Of interest is the question of whether an enthalpy fluctuation may have a net stabilizing effect, i.e., it reduces the unstable bandwidth without destabilizing the most unstable mode. A search indicates that that is realized only for an enthalpy perturbation with a frequency in a very small vicinity of the "optimal" value ω = 250 (curve 1), which is about 1/3 of the frequency of the fundamental duct mode. An enthalpy disturbance with a frequency slightly above or below this is found to have a twofold effect on the stability.
For a frequency fixed at the "optimal" value ω = 250, the effect of increasing the enthalpy amplitude is displayed in Fig. 4b . Asĥ increases to 0.7, the maximum growth rate is reduced and the instability band is narrowed farther. However, asĥ is increased to 0.75, a secondary instability band consisting of larger transverse wavenumbers emerges. By monitoring Floquet multipliers, the onset of this band is found to be associated with the subharmonic parametric instability. Whenĥ reaches 0.8, the second band becomes the dominant instability. Further calculations indicates that the subharmonic parametric instability also prevails whenĥ exceeds a critical value, and it may completely destabilize a flame which is otherwise free of the D-L instability, that is, the parametric instability is a mechanism distinct from that of the D-L.
The result for the case U L = 20 cms −1 is shown in Fig. 5 . Now a moderate level of enthalpy disturbance fixed atĥ = 0.6 exerts a destabilizing effect for all frequencies in that it increases the maximum growth rate while causing the unstable bandwidth to broaden (Fig. 5a ). The optimal frequency appears to be the one for which the growth-rate curve (curve 1) overlaps that of the D-L instability. Increasing the enthalpy amplitude has the same effect as observed in the case of U L = 10 cms −1 . The D-L modes in the low-wavenumber band are stabilized, but a second subharmonic parametric instability emerges and soon becomes dominant (Fig. 5b) .
Figures 4b and 5b both suggest that at a fixed ω, there may exist a small interval of h (between 0.6 and 0.7) for which the enthalpy has a stabilizing effect. Such an interval may be continued to identify a stabilizing region in theĥ-ω parameter plane. Such a delicate search has not been pursued here because it is better performed for parameters pertaining to a particular experimental condition.
Non-linear instability in the limit of small heat release
For problems considered in Secs.2-4, the flame is governed by linear dynamics. In this section, we study weakly non-linear development of the flame in the limit of small heat release, q ≪ 1. The focus will be on the non-resonant case, which is of interest as experiments indicate that modulating fuel at low frequencies (about 1/4 the fundamental acoustic frequency of the combustor or even lower) is effective in stabilizing a flame (e.g., Jones et al. 1999; Richards et al. 1999) .
Suppose that F = O(ǫ). It may be estimated by using the jump conditions that U 0 , V0, P 0 ∼ O(qǫ). In the absence of enthalpy fluctuations, the gas expansion effect drives a weak hydrodynamic instability with an O(q) growth rate, as can be inferred from Eq. (4.10). Then the hydrodynamic field is governed by linear quasi-steady equations to the first order of approximation. The geometric non-linearity in the front equation is of O(ǫ 2 ), comparable with U − 0 and must be retained when ǫ = O(q). In this case, the well-known Michelson-Sivashinsky equation can be derived (Sivashinsky 1977; Michelson & Sivashinsky 1977) . This equation has been extended/modified in various ways and applied to flames with q = O(1) (e.g., Joulin & Cambray 1992) . However, equations of this type have two limitations: (a) they cannot describe short-time transient behaviors of a flame, and (b) the acoustic field generated by the flame is ignored.
In the presence of an imposed enthalpy disturbance h −∞ (t), an acoustic acceleration ∆p a,ξ ∼ O(q) is induced. The flow evolves over two time scales: a short scale t ∼ O(1) associated with h −∞ and ∆p a,ξ , and a longer intrinsic time scale t ∼ O(q −1 ), over which the instability develops. For this reason, fully unsteady linearized hydrodynamic equations will be used, while the front equation takes, to O(ǫ 2 ) accuracy, the non-linear form
where ν = δ(
Here it has been further assumed that δ = O(ǫ) in order to retain the effect of flame curvature on the flame speed. This term renders the initial-value problem well-posed as it provides a high wavenumber cutoff beyond which D-L instability is stabilized.
In Fourier spectral space, the solution to Eq.(4.2) is given by Eq.(4.4) with Eqs.(4.5)-(4.7). By eliminating C + , φ + and D + from Eqs. (4.8) and (4.9), it can be shown that which is solved to express φ − in terms of α. Inverting φ − to find U 0 and substituting it into Eq.(5.1), we obtain
with y = (η, ζ), and
( 5.4) If gravity and enthalpy disturbances are both absent, Eq.(5.3) reduces to
Without acoustic and enthalpy fluctuations, there is no natural fast time scale. The conventional approximation of neglecting the time-derivative term in Eq.(5.2) leads to the familiar M-S equation (Sivashinsky 1977) . which is local in time. However, the approximation employed implies that the standard M-S equation is not applicable to the transient phase occurring on the time scale t ∼ O(1), while Eq.(5.5) (which may be called a non-local M-S equation) has the advantage that it describes the entire evolution from a general initial condition.
In the limit q ≪ 1, Eq.(5.3) stands as a self-consistent approximate evolution equation that governs the non-linear development of broad-band instability waves. Unfortunately, the self-consistency is lost for q = O(1). Nevertheless, a useful feature of Eqs.(5.3) and (5.6) is that the linear instability is exactly the same as for the general case with q = O(1), that is, they immediately reduce to system (4.10) if the geometric non-linear term is ignored. They are therefore expected to have some validity in describing the non-linear evolution, provided that non-linearity is not too strong.
In the general case, the evolution Eq.(5.3) in physical space is rather complex, and may not be best suited for numerical studies. It is more convenient to work in Fourier space. The non-linear front equation is Fourier transformed, and the resulting equation is combined with Eq.(5.2) to form the system
For a 2-D flame in a finite domain −1 ≤ η ≤ 1, the solution for F may be expressed
f n (t) e n i πη . A discrete version of Eq.(5.6) holds for f n ≡ α(k) and
. This system is solved numerically, with the non-linear term being evaluated by the pseudo-spectral method. As a validation of the computational code, the non-local M-S equation in the limitĥ = 0 is solved first. The front profiles at different times are displayed in Fig. 6 . Consistent with previous findings (e.g., Rastigejev & Matalon 2006) , the solution approaches a steady state, which for ν = 10 corresponds to a coalescence 1-pole solution (Rahibe, Aubry & Sivashinsky 1996; Vaynblat & Matalon 1999) . The numerical solution is in good agreement with the exact solution.
In the presence of an enthalpy disturbance with an amplitudeĥ = 0.6, the solution evolves into a periodic state. The profiles at three instants over one period are shown in Fig. 7 . The overall shape is very different from that of the steady solution attained when h = 0. On the other hand, the shape of the flame front hardly changes with time.
Of particular interest are the averaged flame speed ∆U F and the alteration of the flame surface area ∆S, which may be defined as
respectively. They are used to characterize the overall flame response to enthalpy fluctuations. The evolution of ∆S and ∆U F for ν = 10 is displayed in Fig. 8 . The surface area modulates periodically about its mean value, but the oscillation magnitude is very small, consistent with the profile shown in Fig. 7 . In contrast, the overall flame speed oscillates at a large amplitude, suggesting that the flame front vibrates almost rigidly in the longitudinal direction. It is interesting to note that despite the relatively moderate amplitude of the enthalpy perturbation, both the mean surface area and mean flame speed differ appreciably from those when enthalpy fluctuation is absent.
We also solved the extended M-S equation for a small ν = 1. Again the solution approaches a periodic state (Fig. 9) . The flame would appear to be breathing periodically without significantly changing its overall shape, which is similar to the steady solution attained whenĥ = 0, but is more elongated. As is illustrated by Fig. 10 , the surface area varies slightly about its mean value, but there is a significant modulation in the overall flame speed, the mean value of which is about 50% higher than that forĥ = 0.
Discussion and further work
The application of the general theory (Part I) to special cases shed useful light on the role of enthalpy fluctuations in premixed combustion. The calculation of the linear response of a planar flame to small-amplitude enthalpy perturbation (Sec.2) indicates that spatially non-uniform enthalpy fluctuations directly influence the hydrodynamic motion. The analysis for 1-D enthalpy fluctuations (Sec.3) highlights the fact that by modulating the heat release, unsteady enthalpy perturbations affect the generation of acoustic waves, or even emit sound waves directly. The linear stability analysis (Sec.4) reveals that enthalpy fluctuations modify the D-L instability, and may induce much more vigorous subharmonic parametric instability. Finally, the possible impact of enthalpy on the weakly non-linear flame evolution and dynamics was demonstrated by the extended M-S equation, derived and studied in Sec.5. It is noted that none of the effects highlighted here could be accounted for by models based on the G-equation.
The present paper represents only a first step toward modeling the influence of enthalpy disturbances on premixed combustion on the basis of first principles. Many developments may be followed. A thorough investigation of the fully non-linear system is yet to be undertaken. Compared with the full reactive Euler or N-S equations, the asymptotically reduced system gives us computational advantage since chemical reactions, the gas expansion and acoustics are accounted for without the need of resolving numerically the thin flame zone or solving the fully compressible equations. The front equation has to be solved in conjunction with the Euler (or N-S) equations, and so accurate algorithms tracking or capturing flame fronts are required. Work in this direction is underway.
The present theory was derived for the "open loop" case. It would be interesting to extend it to "closed loop" situations, so that one may investigate mechanism (d) of combustion instability, where enthalpy fluctuations arise owing to the interference of the acoustic pressure with the feeding section. A further ingredient to be added is a suitable model describing how the feeding line responds to the acoustic pressure. Such a physicsbased theory, which describes the underlying cause-effect relation, will have important applications to the active control of combustion instability using secondary fuel injection.
Combustion in most practical applications takes place in turbulent flows. Since it will remain infeasible in the foreseeable future for DNS to resolve the Kolmogorov scale of turbulence let alone the much thinner flame zones or reaction sheets, the main prediction tools will be Reynolds-averaged equations or large-eddy simulations. Therefore, in addition to modeling subscale/grid turbulence, it is necessary to develop models accounting for flame-turbulence interaction, the most important among which is modeling the turbulent flame speed (Peters 2000; Pitsch 2005) . The theoretical understanding gained from AEA analyses for laminar flames has, through the flamelet concept, aided modeling efforts (Peters 2000) . However, almost all models ignore effects of spontaneously emitted acoustic waves and oncoming enthalpy perturbations. It would be interesting to develop improved models to include these effects by exploiting the asymptotic formulations presented here and in WWMP. The turbulent flame speed S T is usually assumed to be a function of the rms of velocity fluctuations, u ′2 only. However, enthalpy fluctuations, θ ′ and/or Y ′ , influence the flamelet motion, and thus S T would depend also on h ′2 . Fur-thermore, considering that the flame dynamics are fundamentally influenced by the gas expansion (Akkerman et al. 2003) and thermal-diffusive effects, which are characterized by q and Le respectively, one may postulate that S T should in general be parameterized as S T = S T (u ′2 , h ′2 ; q, Le).
